We review the quantization of scalar and gauge fields using Rindler coordinates with an emphasis on the physics of the Rindler horizon. In the thermal state at the Unruh temperature, correlators match their Minkowski vacuum values and the renormalized stress tensor vanishes, while at any other temperature the renormalized stress-energy diverges on the horizon. After giving a new derivation of some of these results using canonical quantization in the thermofield double state, we comment on the relevance of fluxes and boundary conditions at the horizon, which have arisen in calculations of entanglement entropy.
Introduction
One peculiar feature of relativistic quantum theories is the freedom to quantize in any time coordinate. This leads to interesting physics even in flat space, such as the Unruh effect [1] : accelerating observers quantize in Rindler time τ rather than Minkowski time t and experience the Minkowski vacuum as a thermal state, a fact encoded in the Bogoliubov transformations between the accelerated and inertial mode functions.
Quantization in Rindler modes was first described by Fulling in his 1972 PhD. thesis [2] and is most often used as a tool to understand the thermal nature of the Minkowski vacuum [1, 3] . However it is also a perfectly valid way to describe operators in either Rindler wedge, and like any other quantization can be used to compute correlation functions wherever the coordinates are well-defined. At the Unruh temperature these computations ought to reproduce Minkowski expectation values, while at the physics at other temperatures can be quite different.
Correlation functions in Rindler quantization were the subject of intensive study in the 1970s and 1980s. However, the connection to Minkowski quantization is somewhat hidden in the literature, and has not to our knowledge been discussed in the context of the emerging links between entanglement and spacetime. It is the purpose of this note to highlight these old results, offer a new and more explicit derivation using the thermofield double state and explore the connection to issues relevant to entanglement entropy and the black hole information paradox.
Boulware was the first to show equivalence between the quantization of a free scalar in the Minkowski vacuum and Rindler quantization in the thermal state at the Unruh temperature, which is often called the Hartle-Hawking state [4] . The argument is in appendix B of [5] : an integral representation of the Hartle-Hawking two-point function can be manipulated into an integral representation of the Minkowski vacuum two-point function, using integral representations for the concomitant modified Bessel functions and an analytic continuation. This is enough to conclude equivalence.
More general thermal states are also interesting, and away from the Unruh temperature they are singular on the horizon. The thermal two-point function was computed by Dowker in d = 4 [6, 7] . His main tool, Wick rotation, has played a prominent role in studies of Rindler space: at inverse temperature β the Wick rotation of Rindler space is a Euclidean cone of opening angle β, which is amenable to classical techniques. In [6] Dowker used Carslaw's result from 1919 [8] for the propagator on the infinite cover of the plane before imposing periodicity with the method of images to obtain a contour integral representation of the Euclidean two-point function, which can be evaluated [7] and continued [9] to obtain Lorentzian correlators.
The renormalized thermal stress-energy tensor can be computed either by conformal methods or by direct differentiation of Dowker's correlator; using the latter method, Brown and Ottewill [10] found that the boost energy density diverges at the horizon except when β is the inverse of the Unruh temperature. Candelas and Deutsch [11] described a similar effect when a brickwall boundary condition is imposed just outside the horizon, even at the Unruh temperature. Candelas [12] also studied some of these questions in the Schwarzschild geometry.
While the results of this note largely recapitulate the literature, our methods are different and it is instructive in any case to review these calculations since they bear on questions that had not arisen when they were first performed. In § 2 we give a new proof of the equivalence between the Minkowski vacuum and the Hartle-Hawking state using canonical quantization in the thermofield double state via explicit Lorentzian computation of the Wightman function. This evaluation makes manifest convergence issues which demand an i prescription in agreement with the corresponding Minkowski correlator. Our computation does not simply extend to arbitrary β but we study β → ∞, the Boulware vacuum, and reproduce the results of Dowker in a tractable coincidence limit. We find a straightforward way to extend our discussion to U(1) gauge theory, which simplifies previous work [13, 14, 15] . In § 3 we discuss non-Hartle-Hawking states. After reviewing the behavior of the stress tensor at the horizon in § 4, following [10] and [11] , we close in § 5 by addressing questions that arise from calculations of entanglement entropy: the necessity of flux and boundary condition sums at the horizon.
Minkowski correlations from Rindler quantization
The Hartle-Hawking state is the Minkowski vacuum [1, 3] and so Rindler correlation functions in the Hartle-Hawkingstate should reproduce their Minkowski vacuum expectation values. Our point of comparison will be the two-point (Wightman) function of a free massless scalar in the Minkowski vacuum of flat d-dimensional spacetime, which is [16] 
The index M = 1 . . . d − 1 and > 0. Rindler quantization in the Hartle-Hawking state must reproduce this result.
Rindler coordinates in the right (left) wedge (τ, z, x) are related to the Minkowski coordinates
z ranges from 0 to ∞ while the other coordinates are unbounded; with this choice z is positive in each wedge. When written unadorned, x refers to x. We will set α → 1 for the remainder, but dependence on the acceleration can be restored by dimensional analysis. The solutions to the Rindler equation of motion
involve the modified Bessel functions I(z) and K(z), the latter of which is finite as z → ∞. 1 In the right and left wedges respectively, the mode functions
parametrize the solutions to (3) with the appropriate asymptotics. Solutions with ω > 0 are positive-frequency modes with respect to the generator of Rindler time translations in each wedge and accompany the creation/annihilation operators of a field expanded in Rindler coordinates just as planar mode functions accompany the Cartesian field expansion in flat space:
in the right wedge, and
in the left. The range of the ω integral reflects the division into positive and negative frequency modes. With the normalization
the modefunctions are Klein-Gordon orthonormal (which can be shown using the orthogonality relation
δ ωω -proved quite recently, see [17] ) and
follows from the canonical commutation relation for ϕ. Here i, j are either L or R. We will compute correlation functions in the thermofield double state
Θ is a CPT conjugation picked out by the path integral preparation, with its P operator acting only on the (τ, z) plane:
and the Z ω,k are chosen such that TFD, β| TFD, β = 1. The Hartle-Hawking state |Ω is the thermofield state (9) at β = 2π [1, 3] ,
The details of the computation depend on whether or not the operators are on the same side of the horizon. First we study one-sided correlators, putting both operators in the right wedge. It will be useful to separate the product of fields into the commutator and the anticommutator:
The commutator is independent of the state and so the interesting piece is the anticommutator, a hermitean operator and the subject of our first computation. We have denoted the coordinates collectively by X and will also abbreviate (ω, k) ≡ S,
Taking the expectation value in the Hartle-Hawking state (11) and using the field expansion (5), one finds
The aa and a † a † terms do not contribute because the left and right occupation numbers must match, while the a † a and aa † terms can be computed using the properties of the Bose-Einstein distribution, since |Ω is a thermal state in ω with β = 2π:
Their sum is coth πω. After a short computation one finds
The evaluation of this integral is left to the appendix. The basic idea is to first do the integral without the cosh, using integral representations for the Bessel functions and the fact that the integrand is even in ω. The cosh can then be accomodated via analytic continuation, which is only well-defined if we implement the i prescription below. The result is
The computation of the commutator yields a similar expression:
This vanishes except on the light cone. Together they imply the one-sided Wightman function
which is just the Minkowski expression (1) after the change of coordinates (2). The s in (18) and (1) are related by a z-dependent redefinition, but since z > 0 this does not affect the sign. The computation of the two-sided correlator is similar but the matrix elements take more work, again left to the appendix. The correlator
is once more the Minkowski result (1) with the change of coordinates (2), after accounting for the extra sign in the transformation to the left wedge (recall we defined z to be positive in both wedges). As explained in the appendix there is no need for an i prescription, which is consistent because points in different wedges are spacelike separated. The two-sided commutator vanishes, as required by causality:
These results extend to gauge theory. As reviewed in the appendix, the only difference between the scalar and gauge calculations is the presence of a polarization sum. The thermal trace includes a sum over longitudinal modes, but the same modes appear in the Minkowski calculation and drop out of gauge-invariant correlators. In Feynman gauge the propagator is just the scalar propagator times the metric and so
It follows that correlation functions of gauge invariant (and in Feynman gauge, gauge variant) operators match their Minkowski vacuum expectation values. This correlation structure implies the familiar fact that the Rindler horizon is invisible in the Hartle-Hawking state, since correlators match their Minkowski vacuum expectation values. All trans-horizon probes necessarily are well-behaved: for example, the two-point function changes smoothly as an operator is dragged across the horizon, and the expectation values of all operators everywhere assume their Minkowski vacuum values.
Non-Hartle-Hawking states
In other thermal states |TFD, β the Rindler horizon is far from invisible. The anticommutator in the thermofield state (9) is
At β = 2π we will not obtain Minkowski vacuum expectation values. The simplest state with β = 2π is the Boulware vacuum [5]
obtained by taking β → ∞ in (9). It is annihilated by the a i ωk . As in any product state there are no trans-horizon correlations, and their absence necessarily implies a firewall.
The argument is straightforward. The renormalized stress tensor T µν is defined by subtracting off the Minkowski vacuum expectation value 0| T µν |0 , which is divergent everywhere due to the short-distance correlation structure. When all trans-horizon correlators are zero,
since B| T µν (z = 0, τ, x) |B = 0 follows immediately from the lack of trans-horizon correlations and the point-splitting [16] definition of T µν . The renormalized stress tensor at the horizon is therefore proportionate to the singular unrenormalized Minkowski vacuum expectation value. Actually, any non-Hartle-Hawking thermal state is singular on the horizon [10] despite the thermal entanglement (albeit at the wrong temperature). Dowker computed the two-point function at arbitrary inverse temperature in d = 4 using Euclidean techniques [7] :
where
As we review in the next section, these states have divergent stress-energy as z → 0 whenever β = 2π. On the other hand, taking β = 2π and doing the appropriate Lorentzian continuation, it is easy to see that (25) agrees with the Hartle-Hawking result (18) . This is our point of comparison for the general thermal calculation in d = 4. The β → ∞ limit of (22) is harder to compute since the integrand is odd in ω, so the tricks applied to the Hartle-Hawking state in the previous section will not work here.
2 However it is relatively easy to evaluate the integrals in the limit of coincident x in d = 4, where we obtain
, where υ = z 2 + z 2 + 2zz cosh λ, might be useful; finite β and general d are likely tractable.
This agrees with Dowker's result (25) when x = 0 (i.e. γ = log(z/z )). As either of the operators is taken to the horizon (z or z → 0), (27) vanishes. By contrast the Wightman function in the Hartle-Hawking state (18) approaches 1 z 2 when z → 0 at coincident x, which is just a reflection of the fact that all points on a boost orbit have the same distance from the origin.
Stress-energy at the horizon
Since the Wightman function in a general state in the thermofield double differs from the Wightman function in the Minkowski vacuum, it corresponds to a non-Minkowski vacuum distribution of stress-energy. The stress tensor can be computed either directly from (25) [18] , or by computing the response of the effective action to a change in the metric. Brown and Ottewill [10] took the latter approach in d = 4 and computed the stress tensor using the dimensionally regularized effective action; in this scheme one obtains a vanishing Minkowski vacuum stress tensor and so the method agrees with the canonical computation in the vacuum subtraction scheme. When the manifold is conformally related to one on which the trace of the stress tensor vanishes, such as Rindler to Minkowski, the stress tensor on the original manifold is determined in terms of the (a, c) anomalies of the theory and geometric data of the conformal relation. They find for the thermal expectation value of the stress tensor in the Rindler theory at inverse temperature β
where v µ = (z, 0) is a unit vector proportionate to the boost Killing vector ∂ τ . This is a renormalized stress tensor (it vanishes in the Minkowski vacuum) and a zero-temperature term has been omitted [10] . From (28) it is clear that the stress-energy diverges at the Rindler horizon at any non-Unruh temperature: there is a firewall. The states with β = 2π are still thermally entangled and have two-sided correlations at finite β but correspond to Euclidean path integrals with a conical deficit inserted at the origin on the t = 0 slice. It is interesting to contrast this behavior with the stress tensor obtained from a brick-wall quantization of the scalar field, where a boundary condition such as
is imposed on the "stretched horizon" at z = z 0 and the field expansion (5) modified to satisfy the boundary conditions. This quantization was studied in detail (in d = 4) by Candelas and Deutsch [11] . Letting G 0 denote the Hartle-Hawking Wightman function (18), they found
for the Wightman function in the Hartle-Hawking state with Dirichlet boundary conditions, and
with Neumann. The expectation value of the renormalized stress tensor is
where c 1,2,3 depend on the choice of boundary conditions. 3 Candelas and Deutsch give integral representations for the c i and evaluate the stress tensor near the brick wall at z = z 0 :
for both Dirichlet and Neumann conditions. The independence of the near-horizon stress tensor on the choice of boundary conditions is unexpected. They find a similar result for gauge fields. The Hartle-Hawking state with a brick wall is qualitatively similar to a thermal state at β = 2π, as both have divergent stress-energy at the horizon. However, the degree of divergence is different. The divergence structure of the brick-wall stress-energy follows from dimensional analysis and the fact that the stress tensor must reproduce the result for an unaccelerated barrier as z 0 → ∞.
Discussion: Correlations vs. entanglement
It is useful to contrast these results with calculations of entanglement entropy, which can be quite subtle [19, 20] , especially in gauge theory [19, 21, 22] . Gauge invariance implies [22] that the state that leads to the correct calculation of the entropy in ordinary Maxwell theory is the extended thermofield state
Here E ⊥ is a configuration of the normal components of the electric field on the horizon, p (E ⊥ ) are a set of probabilities that were computed for d = 4 Maxwell theory in [23, 24] , and the polarizations λ and an omitted ghost dressing are discussed around eq. (62) in the appendix. The general structure of the state (34) was described by Donnelly [22] in d = 2, where E ⊥ is the only quantum number. The n th term in the sum (34) is a product of states with n photons on top of the coherent state |0; E ⊥ in which the normal electric field at the horizon is E ⊥ .
The block-diagonal structure of (34) is required by Gauss's law, which equates gauge-invariant operators at the boundary of the subregion with a sum of operators localized outside the subregion. Consequently, by causality the boundary operators must commute with any operators localized to the subregion, and the algebra of the subregion decomposes into superselection sectors: in the Rindler wedge they are labeled by the normal electric field E ⊥ at the horizon. The block-diagional structure in (34) makes an additional Shannon contribution to the vacuum entanglement entropy of the Rindler wedge [22] which must be included in order to obtain a result consistent with conformal symmetry in d = 4 Maxwell theory [24] . In conformal theories the individual blocks are BCFT states, and their contribution to the entropy is a weighted sum of Affleck-Ludwig entropies [25, 20] .
Computations of correlation functions, or the stress tensor -actual observables, unlike vacuum entanglement -could in principle share this structure: it might have been necessary to do a flux sum in order to obtain the correct value. However, we computed eq. (21), which demonstrated the equivalence between the Rindler and Minkowski quantizations of Maxwell theory, using the naive thermofield state described in the appendix
which has no flux sum. It is possible that the right computation in the block-diagonal state (34) leads to (21) as well, but the correct correlator can be obtained more simply using (35) sans flux sum. In the scalar theory there is no gauge invariance to complicate the factorization of the Hilbert space, but the issue of boundary conditions at the horizon remains [20] . One might have considered a sum over horizon field values motivated by the vacuum path integral, but (18) shows that correlators can be correctly computed without such a horizon sum.
This appendix describes the canonical quantization computation of the massless scalar two-point function in the Hartle-Hawking state. We also discuss the Boulware vacuum and the quantization of Maxwell theory. Our ultimate goal is to evaluate the Wightman function but we will have to begin with the anticommutator:
The first step is to evaluate the integral without the cosh πω:
convergence bounds (41). One evaluates
and similarly for the other terms. Combined with the result (39) for the integral to be continued,
Now we compute the commutator. Using the mode expansion (5),
This differs from (36) by the sinh instead of the cosh, and the relative sign on the (X ↔ X ) term. It follows that the integrand is still even in ω and so we can use the result (39), obtaining
after doing the requisite regulations and analytic continuations as described above. From (36) and (45) we obtain the Wightman function (18) in the Hartle-Hawking state. We could not have computed the Wightman function directly using the methods of this appendix, since the integrand is not even in ω. Now we consider operators inserted on opposite sides of the Rindler horizon. The anticommutator in the Hartle-Hawking state is
The aa † and a † a terms do not contribute because the left and right boson numbers must match, while the aa and a † a † terms can be computed from the thermofield double:
The first equality is slightly nontrivial: inserting a R ωk a L ω k into the thermofield state (9), there are two tensor products over the momentum quantum numbers in the bra and the ket (call them S bra and S ket ) which have been omitted here. However, unless δ ωω δ k(−k ) = 1 there will be a mode number mismatch between the left and the right; the orthonormality of the |n, ω, k ensures that S bra = S ket ≡ (ω,k), and except forω = ω, the normalization factor Zω = (1 − e −βω/2 ) −1 cancels against the thermal sum since there are no insertions with those quantum numbers. This implies the first equality of (48).
Plugging (48) into (47) one obtains for the anticommutator
which is the integral without the cosh evaluated above. Thus there is no need for analytic continuation and the answer is just
Since we did not analytically continue there is no need to regulate the integrals with an i prescription, which is perfectly consistent with the Minkowski description since insertions in different wedges are necessarily at spacelike separation. This also implies that the commutator vanishes:
as required by causality. Next we will attempt to compute the Wightman function in the Boulware vacuum |B . Using the expansion (5) and the fact that a |B = 0, one finds for the anticommutator
This integral cannot be evaluated using the methods of this appendix, since the integrand is odd in ω. However, the computation simplifies at x = x in d = 4:
after some manipulation. Again the i prescription is obtained by demanding convergence. This agrees with Dowker's result (25) when x = 0, and approaches (z∆τ ) −2 as z → z ; in the same limit the thermofield correlator (18) approaches (z(1 − cosh ∆τ )) −2 . Last, we study the Rindler quantization of abelian Maxwell theory. Our goal will be to show that correlation functions of gauge-invariant operators in the Hartle-Hawking state, such as 
We take the gauge theory analog of the thermofield state (9) to be
Note the absence of a flux sum. The state (62) lives in a Hilbert space that is not obviously physical, as it includes states of negative norm. However, such states are BRST-exact and thus equivalent to zero in the cohomology of physical states; they do not contribute to gauge-invariant correlation functions. In order to describe an actual state in the gauge-fixed Hilbert space (62) must technically be dressed with a tensor factor describing the ghost fields, but in the abelian theory the ghosts decouple and their tensor factor does not even affect the correlation functions of gauge-variant operators. As usual our object of interest will be the Wightman function in the state (62) at β = 2π. After a short computation entirely analogous to the scalar case, one finds the anticommutator Ω| {A 
This differs from the scalar anticommutator (15) only by the presence of the polarization sum. The Feynman gauge expression (61) for the polarization sum leads immediately to the result (21) and the conclusion that gauge-invariant correlation functions reproduce their Minkowski expectation values. The argument for trans-horizon correlators proceeds identically.
